A method is presented by which a hidden N =2 superconformal symmetry can be exhibited in a string theory or indeed in a topological conformal field theory. More precisely, we present strong evidence, based on calculations with string theories, in favour of the conjecture that any topological conformal field theory can be obtained by twisting an N =2 superconformal field theory. (Talk given at the Workshop on Gauge Theories, Applied Supersymmetry and Quantum Gravity held at Imperial College, London, 5-10 July 1996.)
Motivation
Generic string theories are theories of two-dimensional quantum gravity coupled to conformal matter. Since two-dimensional gravity has no propagating degrees of freedom, it is not surprising that one can make progress in its study by studying two dimensional topological quantum field theories. The study of these theories in turn benefits from the study of those theories which in addition possess conformal invariance; since just as in the non-topological theories, topological conformal field theories (TCFTs) can be deformed to study the space of topological field theories. A large class of topological conformal field theories can be constructed starting from any N =2 superconformal field theory by the twisting procedure of Witten 29 and Eguchi-Yang 6 . An important goal in the study of a TCFT is to compute the spectrum of physical states and determine its algebraic structure. For those TCFTs which can be obtained by twisting, our increasing knowledge of the representation theory of the N =2 superconformal algebra can be brought to bear on this problem. For example, there is an intimate relation 26 between singular vectors of the N =2 superconformal algebra and the BRST cohomology of the TCFT.
At the same time, seemingly different TCFTs are sometimes found to have the same physical spectrum -e.g., c=1 string and SL(2)/SL(2) gauged WZW model 1 . Such isomorphisms are often a posteriori results; that is, after computing the physical spectrum in both theories. Having a fixed algebraic structure as reference before computing cohomology, makes the comparison of theories easier, especially in those cases where a complicated matter sector makes the computation of the BRST cohomology practically impossible. This common reference structure is a (twisted) N =2 superconformal algebra (SCA). 25 In summary, a hidden N =2 superconformal symmetry is a desirable feature of a TCFT either for the computation of the spectrum or to show the equivalence between theories. In this talk we will see how to go about constructing them. A word of caution, however . It is well-known 12, 4 that many noncritical string theories possess a hidden N =2 superconformal symmetry. The N =2 symmetry that we will describe in this talk does not agree with this one. In a sense that we will make more precise below, the N =2 superconformal symmetry of the noncritical strings does not preserve the natural grading in the spectrum of the TCFT, whereas by construction the N =2 superconformal symmetry we will exhibit in virtually any string theory does.
Topological conformal field theories
Roughly, a TCFT is a conformal field theory (CFT) with a BRST symmetry: Q 2 = 0, and where the energy-momentum tensor T is BRST invariant: T = [Q, X] for some X. Since T generates translations, correlation functions of BRST invariant fields are locally constant and therefore topological in nature. By definition, the physical spectrum of the TCFT is the BRST cohomology H
• (Q). The BRST cohomology inherits many operations from the underlying conformal field theory. First of all it is a graded commutative associative algebra (the "ground ring" 27 ); but in addition, in all known examples, it has the structure of a Batalin-Vilkovisky algebra (see below).
Twisted N =2 superconformal algebras
The canonical example of a TCFT is any CFT possessing (twisted) N =2 superconformal invariance. In other words, a CFT which affords a realisation of the following algebra with generators J, G ± and T:
with all other operator product expansions following from these by associativity 7, 14 . For such a TCFT the BRST operator Q can be identified with the zero mode of G + , whence the energy-momentum tensor obeys T = [Q, G − ] and the BRST cohomology agrees with the chiral ring. The BRST cohomology H ≡ H • (Q) admits a nontrivial algebraic structure:
• H = n H n is graded by the zero mode of J;
• H has a commutative associative multiplication • :
induced from the normal-ordered product; and
• H has a linear map ∆ : 
Other topological conformal field theories
Other topological field theories are known which do not obviously come from twisting an N =2 superconformal algebra. For example, the hidden symmetry of the G/G gauged WZW model 19, 9 is the Kazama algebra 20 , a nontrivial generalisation of the N =2 superconformal algebra. It has generators J, G ± , T, F, Φ, subject to the operator product expansions:
As for the N =2 superconformal algebra, the other OPEs follow from these by associativity 15 . We have used this notation for the generators of the Kazama algebra to emphasise the similarities and the differences with the N =2 superconformal algebra: setting F and Φ to zero recovers the N =2 superconformal algebra. In particular the BRST operator Q is again the zero mode of G + and the energy-momentum tensor T is again BRST-exact. Despite the fact that the G/G TCFT comes from twisting a Kazama algebra instead of an N =2 superconformal algebra, the physical spectrum H
• (Q) is again a BV algebra 15, 9 .
String theories constitute an important class of TCFTs whose underlying symmetry is neither a twisted Kazama algebra or a twisted N =2 SCA. In any string theory we can define generators J, G ± , and T by:
These fields will generally fail to close and the algebra which they generate will contain further fields. Nevertheless all string theories, regardless of the background, give rise to a BV algebra in cohomology 27, 28, 22, 5 . Those backgrounds where the Liouville terms are present (i.e., those corresponding to noncritical strings) do possess a hidden N =2 superconformal algebra 12, 4 , but the expression for J is such that it receives a nontrivial contribution from the Liouville momentum. Therefore the grading is no longer by ghost number and hence the chiral ring of the N =2 superconformal algebra and the BRST cohomology of the noncritical string are not isomorphic as graded algebras, although they are isomorphic if we do forget about the grading.
Topological conformal algebras
All these examples of TCFTs share some common properties which are encapsulated in the notion of a topological conformal algebra or TCA. A TCA is generated by fields J, G ± , T, . . . subject to the following conditions:
• the zero mode Q of G + obeys Q 2 = 0 and
• the zero mode of J provides a grading relative to which G ± has degree ±1;
• the zero mode of G − defines an operation ∆ in cohomology which obeys ∆ 2 = 0.
With these properties it can be shown that the cohomology H • (Q) is a BV algebra 22, 13, 24, 2, 18, 21 .
Let us say that two TCFTs are (cohomologically) equivalent if their BRST cohomologies are isomorphic as BV algebras.
By untwisting a TCFT we mean showing that it is equivalent (in the above sense) to one obtained by twisting a N =2 SCA. In the next section we show how to untwist a large class of TCFTs.
Untwisting topological conformal field theories
Our general strategy to untwist a TCFT will be the following:
• add new degrees of freedom without changing the physical spectrum; and
• use these new degrees of freedom to redefine the currents in order to obey a twisted N =2 SCA.
In order to accomplish the first point, we need to discuss a very important kind of TCFT-a trivial TCFT, denoted T K . This trivial TCFT is constructed out of a pair of BC systems: one fermionic (b, c) and one bosonic (β, γ) with the usual operator product expansions, and is generated by the following fields:
For any λ, the above generators obey a twisted N =2 SCA. (For λ = 2, one can also add to G − a term proportional to b.) The chiral ring couldn't be simpler:
.. generate a TCA T 0 . Define new generators:
Using the Künneth theorem and the triviality of the the TCA T K , it is easy to see that J, G ± , T,... generate a TCA T, which is (cohomologically) equivalent to T 0 . Moreover, in every example we have tried, one can further deform J, G ± , T in such a way that the new deformed J, G ± , T obey a twisted N =2 SCA. Furthermore, the cohomology of the deformed BRST operator (the zero mode of the new G + ) is isomorphic as a BV algebra to the original BRST cohomology.
Let us now look at some examples.
The bosonic string
Consider a generic bosonic string background given by a CFT with c=26 and energy-momentum tensor T . The following generators define an untwisting of the TCFT defined by the string theory:
This result was first obtained 10 using the Berkovits-Vafa embedding of the bosonic string in the NSR string 3 , where (b, c) play the role of the anticommuting fields defined by Berkovits-Vafa to embed the string and (β, γ) are the superconformal ghosts needed in the NSR string. In this case the parameter λ in the trivial TCA T K was set equal to
The NSR string
Consider a generic NSR string background given by a SCFT with c=15, energymomentum tensor T and supercurrent G. A possible untwisting is given by:
cβ . That any NSR string is (cohomologically) equivalent to an N =2 SCA, had already been noted by Marcus 23 using the embedding of NSR string into the N =2 string discovered by Berkovits and Vafa.
Other (string) theories
Similar results hold for the Kazama algebra, a result independently obtained by Getzler 15 . A similar but even simpler result holds for the N =2 string 17, 16 , where the (b, c, β, γ) system is not necessary, since the U (1) current J is null in this case. The case for W-strings is similar. We have shown 11 that any W 3 -string can be untwisted, although the expressions are a little messier than for the above strings. Other W-string theories are known to exist (e.g., W 4 ) and we are confident that the method generalises, although the details are bound to get messier still.
Notice however that if, as Drinfel'd-Sokolov reduction suggests, string theories are (cohomologically) equivalent to G/G gauged WZW models, then this conjecture would follow from the fact that G/G gauged WZW models are described by a Kazama algebra. Of course, we are still far from being able to fully exploit this, since the quantum BRST operators for most W-string theories only exist at a conjectural level.
Conclusions
We have seen that many TCFTs are (cohomologically) equivalent to twisted N =2 SCFTs. The obvious conjecture is that this is the case for all TCFTs. No counterexample is known, but not all known TCFTs have been checked (e.g., W 4 -strings, generalised W-strings). However the complexity of these remaining cases begs for a more conceptual proof, for which we would first need to understand the nature of the obstruction to the "N =2-ness" of a TCFT. We are in the curious predicament that we know in practice how to kill the obstruction, without a deep understanding of it.
